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What?

e ... Quantum Communication
r = in(); q = apply_U(r); out(q)

* Classically-Controlled ...

r = in(); q = new(|[0>);
if (measure(r) == |0>) then out(q) else skip



Why?

DQC (e.g. Quantum

¢ DQC Process Calculi)
* Quantum Protocols

(Local) Quantum
Computing




How?

in h
/

S| s | |

new(a.in(b.x(a,b))) = in(b.new(a.x(a,b))) s 4 in h (o, out)
| : = —,
apply x (CL, a measure(a, L, y)) measure(a, Y CE) Sound <@.a. out(q, (')> —1 < /1)n h ,0 + out, (‘>
Algebraic Theory Operational Semantics

Sound Adequate &

) ) A e X Fully Abstract

oe{in,out}*

Denotational Semantics



Qubit Quantum Computing



Starting Point

Algebraic Theory < >  Operational Semantics

Denotational Semantics



Algebraic Theory QUANTUM (POPL‘15)

Operations op : (p | my...my) Terms 1 :Mmy..Tgp:mg | qr...qpFc
new : (0 | 1) measure : (1 | 0,0) new(q.c)  measure(q, o, 1)
R
applyy : (n | n) g applyy (4,7 -¢)
new(q.apply g (¢, ¢-measure(q, z,y)))
Equations I'|Alc=/¢ Models fe] = [p] = > _[mi]
e.g. Fully Complete Denotational Model:

L 07 Y- 0 ’ N new(q.measure(q, L y)) =X HC]] . Qbit®p — @ qblt(g)mZ

in the category of CP(TP) maps



Feature: Classical Branching

z:1,y:1]qF measure(q, newo(p.z(p)), new; (p.y(p))) x:1|qt measure(q,newy(p.z(p)), new; (p.z(p)))

l

measure
q

measure
q

p:=new [1)

p := new |0)

= new |1
——

x y '
c'] : gbit — gbit
lc|| : gbit — gbit © gbit [[ ]] q q
p = 10){0]p[0) (O -+[1)(L]p|1){1]

0)(0]p|0)(0|, |1){1]|p1)(1 : : : :
p = (10X |f)| ><.| 1) |p|.>< D. We discard any classical information
We keep the classical information “in the type” notin the type



So far...

Algebraic Theory D R bbb +  Operational Semantics
QUANTUM (POPL’15) + Program Equivalence
b

Full Completeness

Denotational Semantics
(Essentially Selinger ‘04)



. . 9 C
Operational Semantics /<'p >\

Quantum State Program

s s 9
< 5 , new(q.c)> —1 < ; , c> (new)




Defining a Program Equivalence

Strategy: Construct Denotation from the operational semantics

z:1 | qF measure(q, newqy(p.z(p)), newy (p.z(p))) (p, measure(q, newo(p, z(p)), news (p, z(p))))
measure po = <0p(/ \ (1lp[1)
q
(1, newo (p, (p))) (1, news (p, z(p)))
(0)(01, 2(p) D)

Denotationis:
p = pol0XO[ + py[1)(1]



Theorem

]z (p ZPr prc) =7 (1, 2(Ay))) - ¢

Corollary:

Two programs I'|A + ¢, ¢’ are denotationally equal if and onlyifforallx € T

ZPr((p,c} —* (Y, x ZPT p, ) =" (Y, x(Ay))) - ¢
(o



Recap

Algebraic Theory
QUANTUM (POPL’15)

A
\ 4

Denotational Semantics
In Category of CP maps

Operational Semantics
+ Program Equivalence
Essentially the same as
Denotational Semantics



Quantum Computing + Quantum
Communication



Goal

Algebraic Theory Operational Semantics
extended with ” + Program Equivalence
|/O operations ? Extended with ?

Denotational Semantics

Construction on top of the
I?



[/0 @ QUANTUM: An Algebraic Theory for
Quantum Communication

op: (p|my...mg)

new: (0| 1) measure:(1]0,0) out:(1]O0)

applyy : (n | n) in: (0| 1)
, di s cond.
' AFc=c =
ok
1- Input/Output do not commute with =
each other 4 J’
2- Input/Output commute with “local” A i
operations Aaxwl\J mird St

measure(a, out(b, x),out(b,y)) = out(b, measure(a, x, y))



Operational Semantics

Stream state A« ”to handle inputs and outputs
\
Program 'gbit | State o € {in, out}*
state A q(o) Stream (q,T) € Stream X, where

* g(o) € Ob(CP) isthe

 T(o,in):A - qbit® A

0 and T (o, out): gbit @ A ® gbit —» gbit ® A
are

Configuration <,0, g, C> and Operational Semantics

. in A
. new s in h S| s’ ||
S in h L1 sqs in h T(o,out)
‘ S T(o,in) =g
in > < (in] |h
o, out(q, c ;

W,J,in(q.c)> s, <\'/h o+ in,c> <\/

,J+out,c>



Program Equivalence I' | Ak ¢y, ¢

Without communication: merge all branches with the same continuation

Vp. Vr. 3 Pr({p,e) =" (1, 2(Ay))) ¢ = ZPr (o) =" (¥ 2(Ap))) - ¥
R

\

With communication: merge all branches with the same continuation

Ypa (QaT)vgl.\vgj’O/° ZPI(<p,J,C> =" (Y,0 + 0,7w(A¢)>) P

J
Y Y (&

= ZPI‘(<,0,0’,C/> =" (Y, 0+ 0", 2(Ay))) - Y
Y



Theorem: Operational semantics + Program
Equivalence form a model of

Algebraic Theory Soundness Operational Semantics

+ Program Equivalence
With a

' AkFec=¢ implies ' AFecx~y c



Next Step

Algebraic Theory Soundness Operational Semantics

I/0 @ QUANTUM + Program Equivalence
With a Quantum Stream

Denotational Semantics
Construction on top of the category of CP
maps”?



A Monadic Denotational Semantics

Our program equivalence
Vo, (q,T),0.Vx,o. Z Pr((p,o,c) =" (¢,0 + ', x(Ay))) - ¢
P

— ZPr((p,a,c’) =" (Y, 0+ 0", 2(Ay))) - Y
(o

Consider

[T (0) = 3 Pr((p,0,¢) = (6,0 + o' a(Ay)) -4
(0



[[C]]o",(;c:n) . Clbit@A — qbit®n R qbit®a'

I.I.CJJO",(:IZ:TL) ¥



A Monadic Denotational Semantics

[c] : qbit®? — 69 qbit®? @ qbit®"
o,(x:n)el
Equivalently: Ic] : [A] — T(|I'])
where

T: CP>* — CP™
X — P abit?® ® X

o)

Theorem ( ):

' AFc~y, d <= [ =[]



TADAAAAA

Algebraic Theory Soundness Operational Semantics
g + Program Equivalence
With a
Soundness
Adequacy &

Full Abstraction
Denotational Semantics



Future Work

e Complete model?
* Connections to quantum process calculi?
* Connections to Higher Order Quantum Computing?



Preprint link: https://theo.wang/works/2024-09-MSc-thesis



https://theo.wang/works/2024-09-MSc-thesis

Garbage Slides



W) ; o H /74 5 Alice DQC (e.g. Qua ntgm
: : Process Calculi)
B ——— D——
' Bob
B i Z |[¥)
https://att-innovate.github.io/squanch/demos/quantum-teleportation.html (Local) Quantum

Computing

=
QO
Il

generate_epr(); out(q); [...]

B: q = in();


https://att-innovate.github.io/squanch/demos/quantum-teleportation.html
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