
Algebraic, operational, and denotational semantics
for classically controlled quantum communication

THEO WANG, University of Oxford, United Kingdom

SAM STATON, University of Oxford, United Kingdom

We systematically study the semantics of classically controlled quantum communication. We
present a parameterised algebraic theory for classically controlled quantum I/O, and give two sound
models: a quantum-stream-based operational semantics, and a monadic denotational semantics. We
further show that the two models correspond to the same notion of communication in the sense
that the latter is adequate and fully abstract with respect to the former.

1 Introduction
One of the most promising avenues of scaling quantum computing is by distributed
quantum computing (e.g. [1]).When this happens, wemight want to run quantum programs
which send and receive qubits, like:

q: qbit = in(); q = apply(hadamard , q); out(q)

where in receives a qubit from a fixed channel, and out sends a qubit to a fixed channel.
Moreover, to enable a natural programmingmodel, we need to express classically controlled
communication (sending/receiving qubits based on measurement outcomes), like:

p: qbit = in(); q: qbit = new(|0>);
if (measure(p) == |1>) { out(q); } else { skip; }

It is thus imperative to study such quantum communication primitives in the lense of
programming languages. This could ultimately allow us to develop verification methods
for distributed quantum programs, propose admissible compiler rewrites, and suggest
good language designs. To date, quantum communication has mostly been studied in the
context of quantum concurrency and, in particular, quantum process calculi [2, 4, 8, 15]
(QPC), which extend classical process calculi with quantum computing primitives and
quantum message-passing (sending/receiving qubits). However, the inherent complexity
of concurrency makes it difficult to isolate the challenges of communication itself.

In this work (preprint at [14]), we study the individual operations of quantum communi-
cation in isolation as algebraic effects, following the tradition of Plotkin and Power [11].
We propose a new algebraic theory for quantum communication by building on [13] a
complete theory for quantum computing. We then study two, complementary models
of the theory. The first one is an operational semantics (Section 3.1), demonstrating the
computational model we have in mind. The second one is an elegant monadic denotational
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semantics (Section 3.2). Finally, we show that the latter is adequate and fully abstract with
respect to the former (Theorem 3.2).

2 An Algebraic Theory forQuantum Communication
Our starting point is [13], a semantics for qubit quantum computation without communi-
cation as a parameterised algebraic theory (a collection of quantum operations along with
an equational theory). The language of well-formed terms is defined by the judgement
Γ | Δ ` 2 , where Δ = @1...@? is a list of parameters (qubit names) and Γ = G1 :<1...G: :<:

is a list of computation variables (continuations) along with their valences (the number of
qubits each continuation takes). The judgement is the least one closed under the following:

(G : ?) ∈ Γ

Γ | 01...0? ` G (01...0?)
Γ | Δ ` C

Γ | c (Δ) ` C
{Γ | Δ, 11...1<8

` C8}8=1...: op : (? |<1...<: )
Γ | Δ, 01...0? ` op(01...0? ; {11...1<8

.C8}8)
where c is a permutation. Intuitively, we think of such a term 2 as a computation which
takes ? qubits, classically branches, and gives one of<1...<: qubits; we can assign it a
‘type’ (? |<1...<: ). This algebraic syntax is convenient because it avoids syntactic sugar,
but it can be straightforwardly made into ordinary programming syntax (see [13] Section
5). Finally, theories can be combined: the disjoint union of two algebraic theories is called
the sum of theories, and the commutative combination (such that every operation in one
commutes with every operation in the other) is called the tensor [6, 14].

The QUANTUM theory is the one defined by operations for state preparation new : (0 | 1),
unitary evolution apply* : (= | =) for each 2= × 2= unitary* , and measurement + classical
control measure : (1 | 0, 0), along with suitable equations. For example, the following
equation capturing the principle of deferred measurement, where for any unitaries *0,*1,
� (*0,*1) is the controlled unitary such that � (*0,*1) |8〉|k 〉 = |8〉|*8k 〉 for 8 = 0, 1.

measure(0, apply* ( ®1, ®1.G ( ®1), apply+ ( ®1, ®1.~ ( ®1))))

= apply� (* ,+ ) ((0, ®1), (0, ®1).measure(0, G ( ®1), ~ ( ®1))) (1)

We now build the theory for quantum communication. We extend QUANTUM with an op-
eration for receiving qubits, in : (0 | 1), and an operation for sending qubits out : (1 | 0).This
way, we are able to express the example programs as G : 0 | · ` in(@.apply� (@, @.out(@, G)))
and G : 0 | · ` in(?.new(@.measure(?, G, out(@, G)))), respectively. Furthermore, we add
equations such that in and out commute with every existing operation in QUANTUM.
We thus obtain I/O ⊗ QUANTUM, the tensor of the QUANTUM theory with the free I/O
theory, which will be our main object of study. The commutativity equations are crucial to
making the I/O operations compatible with quantum theory. For example, the equation

measure(0, out(1, G), out(1,~)) = out(1,measure(0, G,~)) (2)

which makes out commute with measure is crucial to proving the following equation,
which is a slight tweak of a well-known equivalence in quantum theory:

new(@.apply� (@, @.new(?.apply�- ((@, ?), (@, ?) .out(?,measure(@, G, G))))))
= new(@.apply� (@, @.measure(@, new(?.out(?, G), new(?.apply- (?, ?.out(?, G))))))) (3)
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3 Two Models
We now study two of I/O⊗QUANTUM’s sound models, one operational, one denotational.
The point is to give insight into the theory itself and connect to other methods. Moreover,
there is a risk that tensors of theories collapse (e.g. see the Eckmann-Hilton argument [9])
and so our models show that there is no collapse in this setting.

3.1 Operational Semantics
Strategy. The operational semantics we give to the terms of I/O ⊗ QUANTUM is based
on a quantum stream used to handle I/O. The idea is to have a global quantum state
d : C → ( ⊗ qbit ⊗ � , where ( is the state accessible to the program or the program state,
and � is the state accessible to the stream, or the stream/hidden state. Then, we define
a stream as a state machine which reacts to the program requesting an input qubit or
presenting an output qubit.

Category of CP maps. We interpret quantum states and processes as morphisms in the
category CP, which is the finite biproduct completion of CPM [12], the category of (finite
dimensional) matrix algebras and complete positive maps. In particular, we write qbit ¬
M2(C) as the space of qubits. Conveniently, CP is a biproduct compact closed category,
allowing us to note its morphisms as string diagrams (cf. [3, 5, 14]). Its monoidal structure
defined by the tensor product ⊗ and its unit � defined as the space of 1D matrices C. CP
maps C → � are called ‘states’ and correspond to (unnormalised) density operators, while
morphisms � → C are called ‘effects’ and correspond to the positive quantum observables.

Quantum Stream. Let -0 ∈ CP be the shape of the initial hidden state. Then a stream C in
Stream(-0) consists of: a map @ : {in, out}∗ → Ob CP (such that @(n) = -0) defining the
shape of stream state at every step; and for every f ∈ {in, out}∗, trace-preserving CP maps
) (f, in) : @(f) → qbit ⊗ @(f + in) and ) (f, out) : qbit ⊗ @(f) ⊗ qbit → qbit ⊗ @(f + out)
which determine the evolution of the stream state after an I/O operation.

Operational Semantics. A configuration is a triple 〈d, f, 2〉, where d is a normalised global
state along with an list of qubit labels Δd , f ∈ {in, out}∗ is the current I/O trace, and 2 is the
running program. Given a stream C ∈ Stream(-0), the small-step operational semantics is
given by a transition relation→C

? (where ? indicates the transition probability), defined
inductively with respect to the structure of the program in a standard way. A term is
evaluated probabilistically until a continuation call is reached in which case the program
terminates. For example, for the output operation we have the following rule

〈
d

B in ℎ@ B′

, f, out(@, 2)
〉
→1

〈
d

B
in ℎ

@

B′

ℎin

) (f, out)

, f + out, 2
〉

(out)

which performs the output and updates the stream state. The full definition is given in [14]
Figure 4.4.
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Program Equivalence. We say that Γ | Δ ` 21 '@D 22 if for all -0 ∈ CP, C = (@,) ) ∈
Stream(-0), f0 ∈ {in, out}∗, and d : C → qbit⊗|Δ | ⊗ qbit ⊗ @(f0),∑

k

Pr(〈d, f, 21〉 →∗ 〈k, f5 , G (Δk )
〉
) ·k =

∑
k

Pr(〈d, f, 22〉 →∗ 〈k, f5 , G (Δk )
〉
) ·k (4)

for any (G : =) ∈ Γ and I/O trace f5 ∈ {in, out}∗. Intuitively, this is the ‘right’ definition
because it sums over all the execution paths which give the same ‘type level’ outcome, i.e.
presenting the same I/O trace and calling the same continuation. And indeed we have:

Theorem 3.1 (Operational Semantics gives a model ([14] Theorem 4.3.25)). Terms of
I/O ⊗ QUANTUM modulo '@D gives a sound model of I/O ⊗ QUANTUM.

Rather interestingly, our program equivalence has a ‘denotational’ flavour: it relies on
introspecting the program states at termination instead of using a syntactic, contextual
equivalence. This motivates seeking for a denotational semantics.

3.2 Denotational Semantics
Strategy. Following the traditions of algebraic theories of effects [11], we construct a monad
and interpret I/O ⊗ QUANTUM in its Kleisli category. In particular, our theory is a tensor
between I/O and QUANTUM. Therefore, instead of using the standard resumptions monad
[6] (which corresponds to a sum of algebraic theories), we construct a free I/O monad
() (- ) = `. .[� , . ] + ($ ⊗ . ) +- ) directly on top of CP, which in some sense embodies the
models of QUANTUM.

Infinite biproducts for CP. To enable the definition of an I/O monad in CP, we need to
extend it with infinite coproducts (and thus biproducts). To this end, we construct CP∞ as
the infinite biproduct completion of CPM, following [10]. CPM is first completed to dcpo-
enriched category CPM using [16]. CPM has infinite indexed sums of morphisms

∑
8∈� 58 ,

defined as
⊔

(⊆� (
∑

B∈( 5B). Then, CP∞ is constructed as the infinite biproduct completion
of CPM, and can be shown to inherit compact closure from CPM (see [10] section 4).

TheQuantum I/O Monad. We now define our monad for qubit I/O, ) : CP∞ → CP∞, and
obtain an explicit characterisation by unrolling the fixed point and noting that [qbitin, . ] �
qbitin ⊗ . by compact closure and self-duality.

) (- ) ¬ `. .[qbitin, . ] ⊕ (qbitout ⊗ . ) ⊕ - =
⊕

f∈{in,out}∗
Aux(f) ⊗ - (5)

where Aux(n) ¬ C and for B ∈ {in, out}, Aux(B + f) = qbitB ⊗ Aux(f). Note that the dis-
tinction between qbitin and qbitout is purely for our convenience and has no mathematical
meaning. This definition makes intuitive sense: the trace of I/O operations performed in
a computation determine exactly how many input qubits it depends on, and how many
output qubits it generates, and the order in which they occur. Rather interestingly, however,
the inputs seem to appear ‘on the wrong side’. If we consider a state over ) (- ) (i.e. a
morphism d : C → ) (- )) and only look at its component for a particular trace, say
f = (in, out, in), we get a state over qbitin ⊗ qbitout ⊗ qbitin ⊗ - , wherein the input qubits
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appear on the output side, instead of a map of the form qbitin ⊗ qbitin → qbitout ⊗ - .
However, this is fine because of the Choi-Jamiołkowski isomorphism (equivalently the
compact closure of CP∞):

CP∞(C, qbitin ⊗ qbitout ⊗ qbitin ⊗ - ) � CP∞(qbitin ⊗ qbitin, qbitout ⊗ - ) . (6)

In fact, we can ‘bend the input wires’ back and forth by using the (unnormalised) maximally
entangled state (|Φ〉〈Φ|) and its adjoint CP map (" ↦→ 〈Φ|" |Φ〉) where Φ =

∑
8 |88〉.

Monadic Denotational Semantics. Firstly we define J=K ¬ qbit⊗= . Then, parameter contexts
are interpreted as JΔK ¬ J|Δ|K and computation contexts Γ = G1 : =1...G: : =: as JΓK ¬⊗:

8=1J=8K. Next, we interpret a term Γ | Δ ` 2 as a morphism in the Kleisli category,
J2K : JΔK → ) (JΓK), where

) (JΓK) =
⊕
f

Aux(f) ⊗ JΓK �
⊕

f∈{in,out}∗
(G :=) ∈Γ

Aux(f) ⊗ J=K. (7)

Each operation can also be naturally interpreted according to their type (cf. [14] Figure
5.1). The interesting case is once again the input operator: JinK : C → ) (qbit) is defined as

JinK ¬ injin ◦
qbit

in qbit
 (8)

where the ‘cup’ corresponds here to the (unnormalised) maximally entangled state.

Adequacy and Full abstraction We can understand J2K as a collection of maps of the form
J2Kf,(G :=) : JΔK → Aux(f) ⊗ J=K, indexed by the I/O trace f and the continuation G that the
program ends up calling. This is particularly neat as it corresponds exactly to the program
equivalence previously defined: two program are equal iff they are equal on the sums of
all reduction paths resulting in the same I/O trace f and continuation call G . This exact
insight allows us to prove the following theorem:

Theorem 3.2 (Adequacy and Full Abstraction ([14] Theorems 5.3.4 and 5.3.6)). For all
Γ | Δ ` 21, 22, Γ | Δ ` 21 '@D 22 if and only if J21K = J22K.

As a corollary, it follows that our denotational semantics form amodel of I/O⊗QUANTUM:

Theorem 3.3 (Denotational Semantics gives a model ([14] Corollary 5.4.2)). The object C
forms a model of I/O ⊗ QUANTUM in the opposite of the Kleisli category of ) .

4 Conclusion and Future Work
We proposed the first algebraic theory for classically controlled qubit quantum communi-
cation, I/O ⊗QUANTUM, and gave two complementary models: a quantum-stream-based
operational semantics and an adequate and fully abstract monadic denotational semantics.
A next step is to understand how this work relates to quantum process calculi [2, 4, 8, 15]
and higher order quantum computing [7, 10].
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